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In this note, I will show that the two conditions (KdV+SE) of the Wit-
ten conjecture imply Dijkgraaf-Verlinde-Verlinde’s loop equation (see below for
details).

Let Z € C[[to, t1,...]] be the Witten-Kontsevich tau function, and

F=logZ=>Y» h''F,

920

be the corresponding free energy. The Witten conjecture [6] states that F is
uniquely determined by the following two conditions:

o Let u = hO?F, where & = 0y, and O = %. Define a collection of

polynomials R (u,u’,u”,...), where the prime stands for the derivative
with respect to to,

1 1 h
Ry=1, (k+ 5) k1 ZUR2+§“/RI~:+§R;§”7 (1)

such that all Ry (k > 1) contains no constant terms. Then u satisfies the
following Korteweg-de Vries (KdV) hierarchy:

/
ak;u = Rk+1'

e [ satisfies the following String Equation (SE)

OF = %t% + ) ter10kF. (2)
k>0
By definition, we have
Ri =u,
Ry = u; + l%u”,
R3 = %3 + %(u’)2 + I—f;uu” + %u“%...

To obtain these polynomials, one must integrate the right hand side of (1) with
respect to t5. An interesting question arises: why is the right hand side always
a total derivative of a polynomial of u,u’,u”, ... with respect to ty?



Lemma 1 If we define the following generating function of Ry

oy = 3 D(k+1/2) o

k+1/2
k>0 A

then it is determined by the following equation

(u — \)b* + g (200" — (V')?) = —. (3)

Proof: The recursion equation of Ry gives
/

h
(u— NV + =b+ —b" = 0. (4)

2 8
Times 2 b(\) on the both sides, and then integrate with respect to tg, one obtain

h
(u — \)b% + 3 (260" — (V')?) = C(N),

where C()) is the generating function of integration constants. Note that all
these constants are chozen as zero, so C(\) only has a leading term —m. The
lemma is proved. O

The two conditions of the Witten conjecture are equivalent to the Virasoro
constraits for the Witten-Kontsevich tau function [1], that is

LinZ =0, m>-1, (5)

where

1
Lfl = — 6 + ﬁta + Zt}c+1a]€,

k>0
Loz—gal+1i6+z <k+;>tkak7
k>0
+ % H;ilr(k +3/2)T(1 +3/2)0k0;, m > 1.

This equivalence is first proved by Dijkgraaf, H. Verlinde, and E. Verlinde
in [1], but their original proof lacks some details. Getzler gave a full proof in [2]
based on DVV’s argument and Virasoro commuting relations. There are also
other proofs: Goeree [3] and Kac-Schwartz [4] (based on vertex algebras), or
La [5] (based on Lie-Bécklund transformations). Here I will give another proof
which use nothing but the properties of the function b(A). This proof can be
regarded as a refinement of DVV’s original argument: what we did is just to
find out all constants of integration, that are omitted by DVV.

DVYV introduced a generating function of all Virasoro constraints, which is
called the loop equation for the Witten-Kontsevich tau function. Let W(\) be
the following operator

W= D(k+3/2),

k+3/2
k>0 A



which is called the loop operator, and define

)\kfl/2
tkv
)

T = STk +1/2

and the dilaton shifted one J(\) = J(A)|¢, ¢, 1, then the following generating
function of Virasoro constraints

=Y ﬁ% ~0 (6)
can be written as )
; 13 2 oy, W o, 1 _
(TOWE) + 5= (WORE) + WOE?) + o5+ 105 =0, (7)

where ()_ means to take the negative part of a Laurent power series.
The main purpose of this note is to prove (7).

Lemma 2 Define the following polynomials

Br(A) = m ()\k:+1/2b(/\))+’

then the k-th KdV equation Op u = Ry, is equivalent to the compatibility con-
dition of the following Lax pair:

9" =2(A —u),
Ohb = s Bis! — 1 Blo.
2 4
Proof: Check the condition dx(¢") = (Or¢)". O

Lemma 3 Let § be a derivation that can act on b(\) and such that [6,0] = 0,
then we have the following identities:

h 1 1
1 vyp2 2 s 3
( wa obo b) 5(b) 27r(5(u A)b°, (8)
h 1 1
Proof: Act § on (3), times b, and then use (3) again. O
Lemma 4
i)
_Lyv_m Y _L(BeY
o= Limr s, o (D) =1 (5
i)
ob b ORpy1
iii)
S (y__1,
ou \ b 2m
w)




Proof: i) Let
1

then, by using (8), one can show that

(1— hzﬁawi) Z =0,

8

so Z = 0. ii) is trivial. iii) Choose an arbitrary flow 9; u = X, then (9) implies

that
1 b

which is exactly the defining condition of % (4). iv) The item iii) imples that

every Ry is the variational derivative of another local functional, so we have

SR OR . . .
kL — 22kl The second identity comes from ii). O
ou ou

Lemma 5 We have

W ()b(\) = b(ﬂ)b(gz;_ bA(gt)’b(A)’

1 1 b))’
w0 (i) = 26 ()
W) = 2= Loy
Proof: W (u)b(\) and W (u) (1/b(\)) are just generating functions of d;b and
Ox(1/b), which have been obtained in Lemma 4 i). O

Lemma 6 The polynomials Ry ’s satisfy the following identity:
Ok Ri41 = O Rpy1-
Proof: Because W (u)b()\) is symmetric with respect to A, . O

Lemma 7

, | bu)  h b\’
b(1)'b(N) = = (Wb(A) + b (b(A) (Z,(A)> ) )

Proof: Take 6 = W (u), then use Lemma 3. Note that W (u)(u) = b(p)’, the
lemma is proved. (I

!

Lemma 8 0,Ryy1 is a total derivative of a polynomial of u,u’,u”,... with
respect to to for all k,1 > 0.

Proof: Lemma 7 shows that the coefficients of b(u)’b(\) are total derivatives,
so do the coefficients of W (u)b(A) (see Lemma 5). O
We define
Qpr = 0 (01 Rk+1),

and take the integration constant to be zero. Then construct the following
generating function

D(k+3/2) T+ 3/2)Q
Z pk+3/2 \l+3/2 ki-

w(p, A) =
k,1>0



Lemma 9

o b(
AN =y (b(

Proof: The first identity is just the integration of W (u)b(\), since w(u, A) =
W (1)b(M). To compute this integration, we need Lemma 5 and 7. The integra-
tion constant is obtained by taking u = v’ = v” = --- = 0. The second identity
is obtained from the first one by using (3). O

Lemma 10
Resx=oJ ()W (A)(b(k)) = b(p)" + Opub(p).-

Proof: Let § = Resy—oJ(A)W(A)(+). According to the string equation, we
have

o(u—p)=u —1=(0+0)(u—p),
then Lemma 3 implies 6(b(u)) = (0 + 0,.)(b(1))- O

Lemma 11
Resa—oJ(A)b(N) = w.

Proof:
W (1) (Resa=oJ(A)b(A))
“Resy—oW (1) ((\)(N) + Resx—od ()W (1) (b(\))

=Resr—o (Z(z +1 /2)Al—1/2u—l—3/2> b(\) + Resa—oJ (AW (A) (b(p))

>0
= — 9ub(p) + b(p) + Oub(p) = W (1) (u),

so we have Resy—oJ(A\)b(A\) = u+C. Then it is easy to see that C = 0 by taking
tr = 0. U

Lemma 12 Suppose P € C[[to,t1,...]], if
Resy—oJ(AN)W(N)(P) =0,
then P is a constant.

Proof: We learned the idea of the following proof from [2]. Introduce a
gradation on C|[[tg,t1,...]]

1
degtr =k + 3



and rewrite P as a sum of homogeneous components

P=Y Py, where degPy=d.
d>0

Then define

I_1 =Resy=oJ( MW (A) = Ztk+18k,

k>0
1
lo=>Y (k+ 3)tx0k,
k>0
3
h=>Y (k+ )(k + )tk
k>0

The operators {l_1,1lp,l;} form the basis of an sly Lie algebra, and
l_l(Pd) =0, lo(Pd) = de, l{n(Pd) =0 (fOI‘ m > d),

so P; gives the highest weight vector of a finite dimentional representation of
sla. On the other hand, it is easy to see that this representation doesn’t contain
any negative weight, so it must be the trivial representation, i.e. Io(P;) = 0. So
P; =0 for any d > 0. 0

Lemma 13
W) =[5+ WOF) (& Repr = hOW0()).

Proof:  Since 9;Rp+1 = OpRi+1, there exists a function G € Cl[tg, t1,...]],
such that Ry41 = 0xG, so we have

b(\) = \/f + WG

Then by using the string equation and Lemma 11, we obtain
Resx—oJN)W(N) (G —9F) =0
so G = 0F + C (Lemma 12). O
Lemma 14
w(p, A) = W()WA)(F) (& Qu = hoRoi(F)).
Proof: Denote 0 = Resy—gJ(A)W (A) — 0, — 0\ — 0, then it is easy to see that

O(u—p) =0, 0(u—A)=0, 6(b(un) =0, &b})=0,

so we have



which is is equivalent to

Z tir10i(Qea) + Qe—10 + Q-1 = Qi — drodio-
i>0

In particular, we have
(=10 + Qi—1) le=0 = (s — Gk0d10) |i=o-

On the other hand, by acting 0x0; on the string equation, we obtain that

h (Ok10)(F) + 0x01-1(F)) li=0 = (hOrO1O(F) — dx0di0) |t=0

= (OkRi41 — 0r0610) lt=0 = (% — k0010) |e=0,

so we have

(1,0 + Q1) [t=0 = 1 (Ok—101(F) + Or01—1(F)) |¢=o0-
Note that Qo = Ri4+1 = h0O(F), so we have (by induction)

Qkilt=0 = R OLOI(F)|1=0- (11)
The equation (10) also implies that

S(w(p,A)) = —MW = W)W\ (-2’)

=hW ()W A)(O(F)) = 6(hW ()W (A)(F)).

Here we used the relation [§, W (u)W (A)] = 0, which is not hard to verify. Note
that w(p, ) = (AW (u)W(X)(F))’, the above identity implies that

(Resa=o (MW (A) = 9y — Ox) (w(p, A) = W ()W (A)(F)) = 0.
Define Zy; = Qg — h0r0;(F), the above identity implies that
ReS)\ZoJ()\)W()\)(ZM) = *Zk—l,l — Zk,l—l-

We have known that Zyy = 0. Suppose Z; = 0 for all k +1 < N, then for k,1
satisfying k 4+ 1 = N, we have

ReS)\:()J()\)W()\)(Zkl) =0.

Lemma 12 implies that Zi; is a constant, then the identity (11) show that
Zr1 = 0. The lemma is proved. (Il

Remark 15 According to Lemma 14, the function w(u, \) is in fact a kind of
two-point function. One can define the n-point function w(A1,...,\,) in the
similar way:

WAL, oy ) = AW (A1) - W(AL)(F).

They can be computed by using Lemma 5, 9, and the fact that W () is a deriva-
tion:

w(>\1, . ,)\n)
-y (8”“35(' A’;)A"‘l) W () (b(A))
) &u()\l, . ,/\n—l)




Here we used

b()b(N)" = b(1)"b(A)

W(o0)) = LG e
v (b(N))? 4 ™
)" = G+ 3 (=) - 55 )
then one can show that w(A1,...,A\,) (n > 3) is always a rational function of

Ai, B(N;), and b(N;) fori=1,...,n. For ezample,

w()\l,)\g, )\3)
 bub) (b3 — b3) + bab) (b3 — b3) + bt} (83 — B3)
T 400 = M) (02 — A3)(As — A1)bibabs
bably — bab))(babh — bb) (bsbl — bib)
3200 — A2) (A2 — A3) (A3 — A1)bibabs

Ll

where b; = b(N\;), b, = b(\;)" for i = 1,2,3. The initial value w|i=o of the n-
point function w(A1, ..., A,) also appeared in [7] (up to a certain factor), so we
conjecture that there exist certian recurtion relations of Eynard-Orantin’s type
[7] for the genues expansion of w(A1, ..., An).

We are ready to prove DVV’s loop equation (7). First we prove Lo(Z) = 0,
which gives us a very nice gradation for everything. Then we will use a similar
method and this gradation to prove the whole Virasoro constraints, i.e. £(A\)=0,
where
t2 1

2h A + 16A2°

£ = (W) + - (WO (F) + WOYF)) +

Recall that j()\) = J(\)|¢t; ¢, —1- We also denote p = tg — 1.
Lemma 16 The 0-th Virasoro constraint Lo(Z) = 0 holds, i.e.
~ 1
Resy=oAJ (MW (N (F) + 6= 0.
Proof: =~ We have known from Lemma 11 that Resy—oJ (A\)b(A) = 0, which
implies Resx=oJ(A)b(A\)’ = —1, then by using the identity

1

(A =)W Nb(p) = 5 (bNb(1)" = b(A)'b(1))

we obtain

Ress—o ATV N (6(1)) = (i) + 50(0),

or equivalently,

3 (k n ;) i (b(1)) — pb() = 5b(1)

k>0

which means that, if we adopt

- 1
degty, =k + > deg = deg A = —1,



then degb(p) = degb(A\) = 1/2. According to Lemma 9, w(A, ) has degree 2,
so we have

Resx=o A (MW (A) (w1, 42)) = (110, + 120, +2) w(pin, pa)-
This equation can be also written as
W ()W (12) (Resxo T ()W (V) (F) ) =0,
so there exist constants C, ¢, (k=0,1,2,...) such that

Resx=o AJ (MW A)(F) = C+ Y crt.
k>0

According to the next lemma (Lemma 17), we have

3 1
C=—--0F =——
27, 16
1 3
Crp = k+ = |OpF — =010, F =0.
2 2 =0
The lemma is proved. g

Lemma 17 For g > 1, we have

1 h 9 29_1 h g
8392(5F)|t—0:g!<24>, 8183972(hF)|t:O: o <24>,

and O Fli=o = 010k F|t=0 = 0 when 3tk + 2.

Proof: These intersection numbers are well-known. Here we give a proof
based on the Witten conjecture. According to the string equation, we have

Op(hF)|t=0 = Ox410(h F)|t=0 = Ri+2|t=0,
Ok (R F)|i=0 = (01 Ri12 — Rit2)|t=0,

so we only need to compute b(\)|;=o, and 91b())|s=o-
Let (A, @) = b(A)tg—gp.t,—=ts—...—0, then B(A, x) satisfies

(= NB+ 5 @B~ B =, Bt Br=0,

so we have "
(z—NB%+ g(QBBA,\ - B3) =—m.

Let B(A) = b(A)|t=0 = B(A,0), then () satisfies

)\52—2(255»\—@2\):” (13)

By acting 0y again, we have

25+ B = T (14)



From (13) and (14) we can obtain,
B L(3g+1/2) (1 [ h)\?
B(A) = ; ez \gilar) )
9>

According to Lemma 4,
1
b\ = 5((2)‘ +u)b(N\) — o’ b(N)),
so we have

Oub(N)lio =3 (A -+ wb(A) —  B())lu=o = 5 (XD’ b))l
1 I'3g+1/2) (2 h\?
—3«%ﬁmM+ﬂM»=Z;(;;Uﬁ)ﬁj<ﬂ>).

The lemma is proved. (Il

Lemma 18 Let K(\) = L(N\)', then

KO = (Jop) + ZW()\)(F) b(\) + QEW(A)(I)(A)) 0.

Proof:  The expression of I()) is easy to obtain, so we only prove that it
vanishes. Considering W (u)(K(A))

W () ()
= (W TR+ (JOW ) eO))

Lol VPO + LW ) (P, 2

oW (W) (B(),

one can obtain that

W () (TONBOY) )

<%¢> — (A= wB,b(1) — b(n),

and

o b(b — W) (FYBOB() — Bb(10)
b W) BO)) — bW A B)))

10



Then, after a lenghy computation, one can show that
b(p)' K(A) — b))’
W(u)(IL(N)) = .
(1)) S
The left hand side is well-defined when g = A, so we have
b(A)'K(X) = bANKN),

W (55 ) =0

so there exists C'(A) such that () = C(A)b(A). On the other hand (see the
proof of Lemma 16), degb(A) = 1/2, deg C(\) = 3/2, so degC'(A\) = 1, i.e.
C(A) = ¢/A. Then it is easy to show that ¢ = 0 by checking the leading term of
K(N. O

Theorem 19 The DVV’s loop equation holds true, i.e. L(\) = 0.

then one can show that

Proof:  The idea is very similar to the proof of Lemma 18. We first con-
sider (A — p)?W(u)(L(N)). After a lengthy computation, one can show that
W (u)(L(A)) = 0, so L(A) = C(\). Note that deg L(\) = 2, so L(A) = ¢/\2.
Then Lemma 16 implies that ¢ = 0. The theorem is proved. (Il
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